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Abstract. Yangian Y(sl(2)) constructed by fermionic field operators is extended to theq-
deformed case which can be realized in the massless Thirring model. This leads to local U(1)
gauge-invariance of Y(sl(2)) and evolution of the double-time Green function inq-statistics.

1. Introduction

Recently, many works in studying Yangian and its applications have been made including
realizations of Yangian associated with sl(2), called Y(sl(2)), long-ranged interaction models,
Yangian symmetry in the Hubbard model and so on [1–5]. A more interesting realization
of Y(sl(2)) is in constructing the Yangian generators through fermions obeying the fermion
commutation relations:

[χi(x, t), χ
+
j (y, t)]+ = δij δ(x − y)

[χi(x, t), χj (y, t)]+ = [χ+i (x, t), χ
+
j (y, t)]+ = 0 i, j = 1, 2.

(1)

Because of equation (1) the spin operators are easily constructed:

sα(x, t) = X+(x, t)σα
2
X(x, t) (2)

whereX+(x, t) = (χ+1 (x, t), χ+2 (x, t)) andσα(α = 1, 2, 3) are Pauli matrices, such thatsα
satisfy

[sα(x, t), sβ(y, t)] = iεαβγ sγ (x, t)δ(x − y) α, β, γ = 1, 2, 3. (3)

With given sα(x, t) it is straightforward to generate the generators of Y(sl(2)),Iα and Jα
shown by Drinfeld [6–8]. However, for given Lie algebra

[Iα, Iβ ] = iεαβγ Iγ (4)

the construction equation (2) giving rise to Y(sl(2)) does not need the commutation relations
given by equation (1).

In this paper we shall show that for constructing Y(sl(2)) in this manner equation (1)
can be extended to itsq-deformed form which can be viewed as a special case of
Zamolodchikov–Faddeev algebra orq-statistics. On the basis of theq-deformed fermionic
commutation relations (see below) there exists aq-dependent correlation that vanishes when
it reduces to the usual fermions. A physical example to be served in connection with the
aboveq-algebra is the massless Thirring model.
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This paper is organized as follows. First, we get a new realization of Yangian withq-
modification of the generators of Yangian algebra. Then we show that there exists local U(1)
gauge-invariance of Yangian. Finally we compute a special correlation for the considered
q-statistics.

2.

For sl(2) the Yangian Y(sl(2)) is generated by six generatorsIα andJα, (α = 1, 2, 3) [6]:

[Iλ, Iµ] = cλµνIν [Iλ, Jµ] = cλµνJν (5)

[Jλ, [Jµ, Iν ]] − [Iλ, [Jµ, Jν ]] = h2aλµναβγ {Iα, Iβ, Iγ } (6)

[[Jλ, Jµ], [Iσ , Jτ ]] + [[Jσ , Jτ ], [Iλ, Jµ]] = h2(aλµναβγ cστν + aστναβγ cλµν){Iα, Iβ, Jγ } (7)

where

aλµναβγ = 1

4!
cλασ cµβτ cνγρcστρ

{x1, x2, x3} =
∑
i 6=j 6=k

xixjxk.

Settingcλµν = iελµν (λ, µ, ν = 1, 2, 3), both sides of equation (6) are identically zero,
and we can recast equations (5) and (7) to [9]:

[Iα, Iα] = 0 (α = ±, 3)

[I3, I±] = ±I± [I+, I−] = 2I3
(8)

[I3, J±] = [J3, I±] = ±J±
[I+, J−] = [J+, I−] = 2J3

(9)

[J3, [J+, J−]] = h2

4
(I+J− − J+I−)I3 (10)

with I± = I1± iI2, J± = J1± iJ2. Equations (8)–(10) together with Jacobi identities yield
equations (5) and (7), i.e. the relations for Y(sl(2)) consist in equations (8)–(10).

It can be checked that the generators of Y(sl(2)) can be written in the form

Iα =
∫

dx sα(x) (11)

Jα = Tα + UJ 0
α (12)

Tα =
∫

dx X+(x)
σα

2
∂xX(x) (13)

J 0
α =
−i

2

∫ ∫
dx dy ε(y − x)εαβγ sβ(x)sγ (y) (14)

whereU is a constant andsα is defined by equation (2). Equations (11) and (12) obey
Y(sl(2)), which can be referred to [10] or the continuous limit of Y(sl(2)) given by Uglov
and Korepin [4]. Now, we start from the Zamolodchikov–Faddeev algebra [11]:

ψi(x)ψj (y) =ij Rkl(x − y)ψk(y)ψl(x)
ψ+i (x)ψ

+
j (y) =ji R∗lk(y − x)ψ+k (y)ψ+l (x)

ψi(x)ψ
+
j (y) =ki Rlj (y − x)ψ+k (y)ψl(x)+ δij δ(x − y) i, j = 1, 2.

(15)
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Restricting the form ofR-matrix as

R(x − y) =


−1 0 0 0
0 12R12(x − y) 12R21(x − y) 0
0 21R12(x − y) 21R21(x − y) 0
0 0 0 −1

 (16)

it is easy to check that in order to satisfy equation (3) on account of equation (15) the
R-matrix should satisfy

12R12(x − y) =21 R21(x − y) = 0

12R21(x − y) = −q = −eiα
21R12(x − y) = −q−1 = −e−iα.

Namely, when

[ψj(x), ψ
+
j (y)]+ = δ(x − y)

[ψj(x), ψj (y)]+ = [ψ+j (x), ψ
+
j (y)]+ = 0

ψ+1 (x)ψ
+
2 (y)+ qψ+2 (y)ψ+1 (x) = 0

ψ+1 (x)ψ2(y)+ q−1ψ2(y)ψ
+
1 (x) = 0 q = eiα

(17)

the spin commutation relation equation (2) still works. It is easy to verify the identities in
terms of equation (17):

[ψ+i (x)ψi(x), ψ
+
j (y)] = δij δ(x − y)ψ+j (y)

[ψ+i (x)ψi(x), ψj (y)] = −δij δ(x − y)ψj (y) i, j = 1, 2.

Now we can prove that equations (11) and (12) still satisfy Y(sl(2)), providedψi(x, t)

andψ+i (x, t) satisfy theq-deformed commutation relations equation (17). According to
[10], we set

ψ1(x, t) = e−iαφ2(x,t)χ1(x, t)

ψ2(x, t) = eiαφ1(x,t)χ2(x, t)
(18)

where

φi(x, t) =
∫ x

−∞
dx χ+i (x, t)χi(x, t) =

∫ x

−∞
dx ni(x, t)

and defineSα(x, t) through equation (2) with replacingχ(x, t) by 9(x, t):

Sα(x, t) = 9+(x, t)σα
2
9(x, t) (19)

where 9+(x, t) = (ψ+1 (x, t), ψ
+
2 (x, t)). Then we can regain equation (3) and

equations (11)–(14) withX(x, t) substituted by9(x, t). After careful calculation we can
find that equations (8)–(10) still hold with redefinedIα, Jα, which means that the new
operators constructed by theq-deformed fermions9(x, t) still satisfy the Y(sl(2)) relations.

To understand the physical meaning of theq-deformed relations of Y(sl(2)), let us return
to the massless Thirring model. As pointed out in [10] the Hamiltonian

H = iv
∫

dx {χ+1 (x, t)∂xχ1(x, t)− χ+2 (x, t)∂xχ2(x, t)

+2gχ+1 (x, t)χ
+
2 (x, t)χ2(x, t)χ1(x, t)}

becomes of diagonal form:

H = iv
∫

dx {ψ+1 (x, t)∂xψ1(x, t)− ψ+2 (x, t)∂xψ2(x, t)}
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in terms of equation (18). Under this transformation the spin operators equation (2) undergo
the corresponding transformation:

s+(x, t) −→ S+(x, t) = eiαφ(x,t)s+(x, t)
s−(x, t) −→ S−(x, t) = e−iαφ(x,t)s−(x, t)
s3(x, t) −→ S3(x, t) = s3(x, t)

where s± = s1 ± is2 and φ(x, t) = φ1(x, t) + φ2(x, t) =
∫ x
−∞ dy (n1(y, t) + n2(y, t)).

It is obvious that the spin operators are subject to a local U(1) gauge transformation as
equation (18) is made. We see that bothsα(x, t) and Sα(x, t) satisfy Y(sl(2)) the only
difference being a local U(1) invariance under equation (18). This indicates that there
exists local U(1) symmetry in such a realization for Y(sl(2)).

3.

If we turn to momentum representation:

H =
∑
k

Ek(−a+k (t)ak(t)+ b+k (t)bk(t))

where ak(t) and bk(t) correspond toψ1(x, t) and ψ2(x, t) separately andEk(= vk) is
determined by a Bethe ansatz [10], then we get commutation relations:

a+k (t)b
+
k′ (t)+ qb+k′ (t)a+k (t) = 0. (20)

Defining Bogoliubov–Zubalev double-time Green function:

G12(t − t ′) = −iθ(t − t ′)〈a+k (t)b+k′ (t ′)+ q−1b+k′ (t
′)a+k (t)〉 (21)

and noting that the r.h.s. vanishes asq = 1, i.e. for fermions. In comparison with
equation (20) the r.h.s. of equation (21) is nontrivial. Following the standard treatment,
we have

i
∂

∂t
G12(t − t ′) = δ(t − t ′)(q−1− q)〈b+k′ (t ′)a+k (t ′)〉 + EkG12(t − t ′). (22)

Moreover, we get the evolution fort 6= t ′:

〈b+k′ (t ′)a+k (t)〉 =
(q−1− q)e−iEk(t−t ′)

e
Ek
θ + q−1

〈b+k′ (t ′)a+k (t ′)〉 (23)

which only exists forq 6= 1. For t = t ′, equation (22) is an identity.

4. Conclusion

We have studied a new construction of Yangian Y(sl(2)) which is related to theq-statistics.
In comparison with the original result, we find that there exists a local U(1) gauge-invariance
of Yangian and we give an easily understandable explanation in terms of the massless
Thirring model. It can probably be extended to more general examples.

We would like to thank Professor K-Xue and J L Chen for discussions. This work was
partially supported by the National Natural Science Foundation of China.
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