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Abstract. Yangian Y(sl(2)) constructed by fermionic field operators is extended togthe
deformed case which can be realized in the massless Thirring model. This leads to local U(1)
gauge-invariance of Y(sl(2)) and evolution of the double-time Green functignstatistics.

1. Introduction

Recently, many works in studying Yangian and its applications have been made including
realizations of Yangian associated with sl(2), called Y(sl(2)), long-ranged interaction models,
Yangian symmetry in the Hubbard model and so on [1-5]. A more interesting realization
of Y(sl(2)) is in constructing the Yangian generators through fermions obeying the fermion
commutation relations:

[xi (e, 1), x5 (0, D] = 8i8(x — ¥)

. 1)
[Xi(x7 t)v Xj(yv t)]Jr = [Xj+(x7 t)9 X]-,—(yi t)]+ =0 L, J]= 19 2.
Because of equation (1) the spin operators are easily constructed:
5o (X, 1) =X+(x,z)%“X(x,t) )

where X ™ (x, 1) = (x; (x, 1), x5 (x, 1)) ando, (o = 1, 2, 3) are Pauli matrices, such that
satisfy

[sa(x, 1), 58(y, )] = i€apy sy (x, 1)8(x — y) o, B,y=1223 (©)

With given s, (x, t) it is straightforward to generate the generators of Y(sl(2))and J,
shown by Drinfeld [6—8]. However, for given Lie algebra

[Iou Iﬁ] = iezxﬁyl}/ (4)
the construction equation (2) giving rise to Y(sl(2)) does not need the commutation relations
given by equation (1).

In this paper we shall show that for constructing Y(sl(2)) in this manner equation (1)
can be extended to itg-deformed form which can be viewed as a special case of
Zamolodchikov—Faddeev algebra gistatistics. On the basis of thedeformed fermionic
commutation relations (see below) there exists@ependent correlation that vanishes when
it reduces to the usual fermions. A physical example to be served in connection with the
aboveg-algebra is the massless Thirring model.
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This paper is organized as follows. First, we get a new realization of Yangiangwith
modification of the generators of Yangian algebra. Then we show that there exists local U(1)
gauge-invariance of Yangian. Finally we compute a special correlation for the considered
g-statistics.

2.

For sl(2) the Yangian Y(sl(2)) is generated by six generafgrand J,, (@ =1, 2, 3) [6]:

[I)u Iu] = ckuvlv [I)w Ju] = C)L/Av]v (5)
[J)u [J;u Iv]] - [I)n [J/u Jv]] = hzakuvaﬂy{laa I,B’ Iy} (6)
([, Ju]s s, J I + [ Vs, J2]. [, J/L]] = hz(akuuaﬁycatv + aarvaﬂycxuv){1a9 1,8, -]y} (7)

where
1

Arpvafy = mcka(r CuprCvypCotp

(X1, x2, X3} = Y xixjxp.
i#j#k

Settingc, . = i€ (A, u, v = 1,2, 3), both sides of equation (6) are identically zero,
and we can recast equations (5) and (7) to [9]:

[Iots IC(] = O (a = :l:v 3)

[£3, 1e] = 1. [+, I-] =213 (®)
[I3, Ji] =[J3, 1] = £+ ©)
[]+1 J*] = [J+1 I*] = 2]3

2
s, U 0 = a0 (10)

with I. = I, +il,, J» = J; £iJ,. Equations (8)—(10) together with Jacobi identities yield
equations (5) and (7), i.e. the relations for Y(sl(2)) consist in equations (8)—(10).
It can be checked that the generators of Y(sl(2)) can be written in the form

I, = /dxsa(x) (11)
Jo =T, +UJ? (12)
T, = /dxx+(x)%“axX(x) (13)
JO? = %I / / dx dy G(y — x)éaﬂys,g(X)Sy(y) (14)

where U is a constant and, is defined by equation (2). Equations (11) and (12) obey
Y(sl(2)), which can be referred to [10] or the continuous limit of Y(sl(2)) given by Uglov
and Korepin [4]. Now, we start from the Zamolodchikov—Faddeev algebra [11]:

Yi ()Y (y) =ij Ru(x — )iy (x)
YOV ) =i Ry — 0% ) ) (15)
Wi(x)l//;_()’) = Ry — ) )i (x) +8;8(x — y) i,j=12
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Restricting the form ofR-matrix as

-1 0 0 0
0 1pRp(x—y) 12Ra(x-y) O
R(x —y) = 16
x = 0 21Rp2(x—y) 21R21(x—y) O (16)
0 0 0 -1

it is easy to check that in order to satisfy equation (3) on account of equation (15) the
R-matrix should satisfy

12R12(x — y) =21 Ros(x —y) =0

12Ra(x —y) = —q = —€* 21R1p(x —y) = —q t = -,
Namely, when

[V (), ¥ ]+ = 8(x — y)

[ (), ;D] =¥ (), ¥ ()] =0

Y1 VS () +q¥, (Y (x) =0

Ui @Y + ¢ Y 1) =0 g =€

the spin commutation relation equation (2) still works. It is easy to verify the identities in
terms of equation (17):

[V, (i (), Y7 (D] = 88 (x = )Y ()
[W7 v (0, Y] = =880 = () i j =12

Now we can prove that equations (11) and (12) still satisfy Y(sl(2)), provig€d, r)
and ¥ (x, 1) satisfy theg-deformed commutation relations equation (17). According to
[10], we set

(17)

Ya(x, 1) = €992 0y (x 1)

Yolx, 1) = M0 yo(x, 1) 4o
where

¢i(x, 1) = /x dr ;" (x, D xi(x, 1) = /x dx n; (x, 1)
and defineS, (x, 1) throughO;quation (2) with replaci:g(x, 1) by W(x,t):

Su(x, 1) = Ut (x, z)%"‘xp(x, ) (19)
where W (x,71) = (¥, (x,1), ¥, (x,1)). Then we can regain equation (3) and

equations (11)—(14) wittX (x, ¢) substituted by (x, t). After careful calculation we can
find that equations (8)-(10) still hold with redefindg, J,, which means that the new
operators constructed by thedeformed fermionsl (x, ¢) still satisfy the Y(sl(2)) relations.

To understand the physical meaning of thdeformed relations of Y(sl(2)), let us return
to the massless Thirring model. As pointed out in [10] the Hamiltonian

H = iv/dx{xf(x,t)f?x)(l(x,t) — X3 (X, )3 x2(x, 1)

+2gx1 (0, x5 (x, 1) x2(x, 1) xa(x, 1)}
becomes of diagonal form:

H = iv/dx{lﬂf(x,t)axllfl(x,t) — ¥y (x, D2 (x, 1)}
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in terms of equation (18). Under this transformation the spin operators equation (2) undergo
the corresponding transformation:

st 1) — St(x, 1) = €200 (x, 1)
sT(x, 1) —> ST (x, 1) = €D (x, 1)

s3(x, 1) — S3(x, 1) = 53(x, 1)

wheres* = sy & is, and ¢(x, 1) = ¢1(x, 1) + da(x, 1) = [*_dy (n1(y, 1) + na(y, 1).

It is obvious that the spin operators are subject to a local U(1) gauge transformation as
equation (18) is made. We see that beilix, ) and S,(x, t) satisfy Y(sl(2)) the only
difference being a local U(1) invariance under equation (18). This indicates that there
exists local U(1) symmetry in such a realization for Y(sl(2)).

3.

If we turn to momentum representation:

H =" Ex(=af (ax(t) + b (1)bi (1))

k

where g, () and b, (¢) correspond toy1(x, t) and v¥»(x, t) separately andE,(= vk) is
determined by a Bethe ansatz [10], then we get commutation relations:

at (b (1) + gbf (taif (1) = 0. (20)
Defining Bogoliubov—Zubalev double-time Green function:

Gro(t — 1) = =10 — ') (@ OB () + ¢~ b (1) (1)) (22)

and noting that the r.h.s. vanishes @s= 1, i.e. for fermions. In comparison with
equation (20) the r.h.s. of equation (21) is nontrivial. Following the standard treatment,
we have

H 8 / A - / / /
|§G12(I —1) =680t —1)q " — )b (a; (1) + ExGrat —1'). (22)
Moreover, we get the evolution for# ¢

-1 _ —iEx(1—t")
(b (ait (1) = 4~ DE —— (b () (1) (23)

€r +qg~

which only exists forg # 1. Fort = ¢/, equation (22) is an identity.

4. Conclusion

We have studied a new construction of Yangian Y(sl(2)) which is related tg-#tatistics.

In comparison with the original result, we find that there exists a local U(1) gauge-invariance
of Yangian and we give an easily understandable explanation in terms of the massless
Thirring model. It can probably be extended to more general examples.

We would like to thank Professor K-Xue @) L Chen for discussions. This work was
partially supported by the National Natural Science Foundation of China.



Letter to the Editor L705
References

[1] Haldare F D M 1994 Physics of the ideal semion gas: spinions and quantum symmetries of the integrable
Haldane—Shastry spin—chafroc. 16th Taniguch Symp. Condensed Mafterlin: Springer)
[2] Bernard D 1991Commun. Math. Phy4.37 191-208
De Vega H, Eichanherrr H and On Maillet J 19B4icl. Phys.B 240 377-99
[3] Bernard D, Gaudin M, HaldanF D M andPasquier U 1993. Phys. A: Math. Gen26 5219
[4] Uglov D B and Korepin V 1994Phys. LettA 190238
[5] Gomann F and Inozemtsev V 19%6ys. LettA 214 161-6
[6] Drinfled V 1985 Sov. Math. Dokl32 32
[7] Drinfled V 1986 Quantum GroufBerkeley, CA: PICM) pp 269-91
[8] Drinfled V 1985Sov. Math. Dokl36 212-16
[9] Ge M L and Xue K 1997 RTT relations and realizations of Yangian in quantum mecharepsint Nankai
Phys. LettA submitted
[10] Komori Y and Wadati M 1996€. Phys. Soc. Japa5 722—4
Murakami S and Wadati M 1996. Phys. Soc. Japa5 1227-32
[11] Zamolodchikov A and Zamolodchikov Al 1978nn. Phys120 25
Faddeg L D 1980 Sov. Sci. RewC 1 107



